A model for the dependence of the electrical conductance, G, with the strain induced by external mechanical stress in conducting particles-polymer composites is presented. The model assumes that the percolation probability between neighboring particles must depart from a scale-invariant behavior but saturate at moderated-high strains, reaching percolation path's saturation, with sigmoid dependence. This dependence is obtained by proposing a dynamic picture where contacts or bonds between neighboring particles are created but also destructed when a stress is applied and relatively moderated or high strains, , are produced in the composite. The electrical conductance of prepared graphite-polydimethylsiloxane composites were measured as function of the applied pressure and fitted by the presented model. The elastic response to the uniaxial compression was studied using a texture analyzer. The possibility of nonuniversal effects in the conduction critical exponent, t, was taken into account. It is concluded that the saturation of the response in the G versus plots cannot be assigned to nonuniversal behavior of the exponent t, or to saturation of the elastic response. On the other hand, the presented model accounts for all the main experimental features observed in these systems and for previously reported data of elastomer composites. The simulated behavior of the piezoresistivity coefficient is also in qualitative agreement with previous reports.
A model for the dependence of the electrical conductance with the applied stress in insulating-conducting composites
I. INTRODUCTION
One of the most interesting issues in theoretical and experimental studies of disordered insulator-conductor composites is the effect on the transport properties of external perturbations, like electric and magnetic fields, mechanical stress, or molecular adsorption. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] We are focusing in the present work on composites of conducting particles embedded in an insulating elastomer matrix. The matrix is compressed by the action of an externally applied uniaxial pressure keeping constant the amount of conducting particles, a process that increases the electrical conductance of the composite, which can be used for obtaining a pressure sensor. These systems are usually considered as isotropic percolating networks where the dependence of transport properties, like the dc-electrical conductance, G, are expressed as functions of the percolation probability between neighboring particles. [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] Many experimental works have been reported concerning the effect of mechanical stress on G ͑Refs. 9, 19, and 28-39͒ and the ac-impedance of composites, [38] [39] [40] [41] [42] but the systematic theoretical investigation of the dependence of G with the external applied stress has been initiated in a few relevant works in recent years. [13] [14] [15] [16] [17] 20, 21, 24 The main experimental features commonly observed in pressure sensors based on elastomer composites are high sensitivity at low applied stress, currently with exponential rise of G as function of the applied pressure, followed by saturation. 29, 35, 36, 39 The aim of this work is to contribute to the discussion about the dependence of G with the external applied stress ͑and the resulting strain͒ by introducing a model which accounts for these features. Polydimethysiloxane ͑PDMS͒/graphite composites were prepared and G versus strain plots obtained, illustrating these characteristics. Elastic measurements were performed also in order to determine the elastic response to the external uniaxial pressure. Experimental data were fitted by the introduced model, which allows including nonuniversal behavior of the critical exponent for electrical conduction in percolation networks.
thickness, typically 70%-90% of L i . In this case, the pressure on the film can be measured in real time during the compression using a texture analyzer device; the Young's modulus of the film, E, is obtained from these experiments. In the second case, the film is placed on a balance and a constant pressure is applied, comprising the film up to a final thickness. In both cases, the electrical resistance of the films can be recorded as function of the applied pressure.
The longitudinal strain, , parallel to the direction of the applied pressure and the electrical current, is defined in differential terms by
where L is the thickness of the film, L Յ L i , with L i the initial thickness ͑at =0͒, defined during the preparation of the film. The relationship between and the applied pressure, P, is assumed to follow the Young's law:
where E is the Young's modulus of the film. Integration of these expressions renders to L͑͒ = L i exp͑͒, ͑3͒
with Յ0 and P Ն 0. Note that is negative because only compressions but not elongations are considered. The above equalities explicitly indicate that the actual master variable is ͑ϵ−P / E͒ instead of P, then all the relevant physical properties are expressed as functions of . We distinguish in the present work between low strains ͉͉͑ ϳ 10 −4 -10 −3 ͒ and moderated strains ͉͉͑ϳ0.01-0.3͒. Very good fits of L versus or P using Eqs. ͑3͒ and ͑4͒ in the range ͉͉ Յ 0.3 were obtained using the texture analyzer for PDMS-graphite films, that is, the observed variation in L with was exponential with no saturation in that range. In some cases, excellent fits of L versus were obtaining by linearization of Eq. ͑3͒: L͑͒ХL i ͑1−͒. These results are described in Sec. VI B.
B. Piezoresistivity
The macroscopic electrical conductance, G, ͑ϵ1 / R, where R is the electrical resistance of the films at a fixed voltage V͒ is related, at each applied stress or strain field, to the dc electrical conductance, , and to L
In the range of applied strains considered in the present work ͉͉͑ϳ10 −2 -10 −1 ͒, a strong dependence of with is expected, thus it varies during the compression. Hence, G͑͒ is the magnitude easily accessible by experiments and the central objective is to obtain a model for its dependence with , which comes from two contributions, L and , in Eq. ͑5͒ ͑the area A is considered constant in the present work͒. The explicit dependence with L is the trivial one because the electric field on the film, V / L, increases when compressing at a fixed voltage and this is the origin of the term 1 / L in Eq. ͑5͒. Although this contribution will be considered in the formalism, we advance that numerically is not relevant at all in the range of strains considered.
The dependence of with is usually introduced through the so-called piezoresistive factor, ⌫ ʈ ͑͒,
where the subindex ʈ stands for the fact that the considered stress is parallel to the electrical current. Integration of Eqs. ͑5͒ and ͑6͒ renders to
where G i ϵ G͑ =0͒. Although only experimental results concerning with G / G i are shown, the theoretical expressions not only for G / G i but also for ⌫ ʈ are deduced and presented in Sec. II C, because ⌫ ʈ is a relevant property of the system that can be, eventually, determined by experiments. Equality ͑7͒ must be modified for those cases where the area A changes during compression, obtaining G͑͒ / G i = exp͓−͑1+2 P ͒ − ͐ 0 ⌫ ʈ ͑͒d͔, where P is the Poisson's modulus, as correctly indicated by Carmona et al.
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C. Conduction criterions and general relationships
The connectivity of particles in composites is described in terms of the percolation theory, although several aspects are far from being completely understood as remarked recently by Balberg. 14 Following the discussion made in Ref. 14, composites are usually described as a site percolating network where a lattice of sites is partially occupied by conducting particles. If two nearest neighboring sites are both occupied, then they are locally connected; a group of connected sites is called a cluster. The probability of site occupation is denoted by the symbol p in this model. There is connection between extremes of the lattices above a critical value, p c , and then conduction appears provided by a tortuous path while current flows through some parts of the percolation cluster referred as the backbone of the percolation cluster. This lattice picture can be coupled to different physical models of conductivity between particles, which is usually defined as the conductivity criterion. For instance, the lattice model can be coupled to the Scher and Zallen model where the conducting particles are considered as spheres which occupy the lattice sites and where direct geometrical ͑physical͒ contact between the spheres is assumed. The effect of external stress has not been discussed in the frame of this model, as far as we know.
In addition to the above model, a more indirect mechanism of conduction is also present in real samples, quantum tunneling between particles. According to Balberg, "quantum tunneling mechanism is the only carrier transport mechanism between particles that do not touch geometrically." 14 Therefore, tunneling can be the dominant mechanism when the concentration of the conducting particles is relatively low, that is when the system is close to the critical point for conduction. Tunneling is not described as a site percolation network but as a bond percolation: particles are placed at sites but there is a distribution of conducting bonds between them as function of the distance between particles. Balberg showed the coexistence of the site percolation connectivity ͑tortuous paths͒ and the tunneling connectivity ͑all particles, in principle, are electrically connected͒. The percolation threshold for this tunneling-percolation mechanism is determined then by the particle concentration necessary for that network to form. This picture, the coexistence of a lattice of sites together with a subnetwork of "tunneling bonds" seems to be at present the more developed description of the socalled tunneling-percolation model ͑TPM͒. 13, 14, 16, 17, 20, 21, 24, 27 In practice, there is no simple manner to distinguish between direct contact and tunneling. Hence, both possibilities are kept, as already indicated by Kchit and Bossis. 1 We assume that the net passage of an electron from one particle to another neighbor can be due to both mechanisms ͑contact or tunneling͒, with a global probability p whose critical value for connectivity between extremes is referred as p c . In the present work, we focalize on the conductance changes observed as function of the strain while keeping constant the amount of particles. In this picture, p changes with the strain because bonds and/or contacts are created-destructed at the relatively large strains considered here. The possibility of a dynamic process were contact-bonds are not only created but also destructed has not been considered in the few reported works concerning with stress effects, because low concentrations and strains were considered, but it has been mentioned in Ref. 21 . This is the basis of the model presented in Sec. III, referred as the percolation saturated model ͑PSM͒, thought to be applied in the range of large particle concentrations and strains. The critical value p c is reasonably considered as dependent of the chemical nature of the composite but not on the strain field.
Before presenting the PSM, general relationships for , ⌫ ʈ , and G as functions of ͑p − p c ͒ are shown in this section. These expressions are written in terms of the so-called conductance critical exponent function, t͑͒: it is assumed that the amount of particles is large enough to assure nonzero conductance, even at = 0. Consequently, the probability p must be always larger than p c , in the model to be developed
The origin of the definition Eq. ͑8͒ comes from the standard percolation theory ͑SPT͒ ͑Refs. 43 and 44͒ where is predicted to obey the scale-invariance property which establish that the relative differential changes of must be proportional to the relative differential changes of ͑p − p c ͒, that is:
In that case, the proportional factor t 0 is predicted to be a universal constant ͓t 0 = 2 in threedimensional ͑3D͒ materials͔, then should follow a power's law dependence with ͑p − p c ͒: ϰ ͑p − p c ͒ t 0 and t 0 has the meaning of the fractal dimension for conduction. The universal behavior describes well the experimental results in many cases when the percolation probability is changed using samples with different amount of conducting particles and particularly in materials which are prepared with concentrations close to the conductivity threshold ͑p close to p c ͒. Nevertheless, nonuniversal behavior has been experimentally observed and theoretically predicted in the last years. 20, 21, 30, [43] [44] [45] [46] The above definition ͓Eq. ͑8͔͒ holds for the whole range of percolation probabilities, that is, even for p not close to p c . For those cases, Eq. ͑8͒ represents the local definition of the function t͑͒, which is not a universal constant but expected to be dependent on the specific composite material ͑chemical nature and morphology of the conducting particles and polymer͒, the concentration of the conducting particles and also of the strain in the range of moderated or large strains ͉͉͑ ϳ 10 −2 − 0.03͒. In that range, scale invariance is not expected to hold, that is t͑͒ is not expected to be a constant but a function of the strain field. For this reason, Eq. ͑8͒ is a derivative expression while integrated relationships, like = o ͑p − p c ͒ t , are not longer valid in the considered range of conductance-strain far from the percolation threshold. Variations in t with have been experimentally presented by Johner et al., 17 although for relatively small values of ͉͉͑ ϳ 10 −4 ͒ and at the vicinity of the percolation threshold. Therefore, we present in this section the expressions of , ⌫ ʈ , and G in terms of t͑͒ and ͑p − p c ͒͑͒ without assuming any functional dependence of t͑͒ and ͑p − p c ͒͑͒ with , which must be valid in the whole range of possible strains.
Integration of Eqs. ͑7͒ and ͑8͒ is performed under the following boundary conditions:
The boundary condition Eq. ͑9a͒ is a mathematically helpful idealization which simplify calculations; it just indicates that the probability p reaches a maximum ͑assumed equal to one͒ at large strains. Integration of Eqs. ͑6͒-͑8͒ with the above boundary conditions renders to
͑11͒
͑12͒
Note that t i can be different of t 0 , the universal value predicted by the SPT ͑t 0 = 2 in 3D composites͒. It is assumed also that the amount of particles in the composite is large enough to satisfy the condition p Ͼ p c in the whole range of applied pressures, even when the film is not compressed ͑ =0͒. The conductance at the critical threshold, c , is assumed equal to zero. These conditions are assumed here for simplicity, although can be relaxed and the formalism eventually extended. G͑͒ / G i is given in Eq. ͑12͒ by a product of three functions, G 1 ͑͒G 2 ͑͒G 3 ͑͒. The first one, G 1 ͑͒, represents the trivial contribution because of compressing the film at a fixed voltage, with G 1 ͑͒ =1/ L = exp͑−͒ if the area A is constant, as assumed here ͓otherwise G 1 ͑͒ = exp͓−͑2 p +1͔͒, where p is the Poisson's modulus 39 ͔. The second terms, G 2 ͑͒ keeps the formal expression of the power-law dependence between and ͑p − p c ͒, but modified in order to incorporate nonuniversality effects.
The last product, G 3 ͑͒ϵexp͕͐ 0 ͑dt / d͒ln͓p͑͒ − p c ͔d͖, is exclusively due to nonuniversality effects. Hence, the above expressions are obtained without any lack of generality. In Secs. III and IV, we propose and use models for the dependences of t͑͒ and ͑p − p c ͒͑͒ with , whose predictions are in agreement with the experimental features observed in pressure sensors.
III. MODELING THE RELATIVE PERCOLATION PROBABILITY, p"ε…
Expressions ͑10͒-͑12͒ are formally given in terms of t͑͒ and p͑͒ − p c . The dependence of t͑͒ is discussed in Sec. IV, while models for the dependence of p͑͒ − p c with are introduced here.
The relevant magnitude for the consequent analysis is ͑p − p c ͒ ͑but not the individual values of p and p c ͒ which is expected to be dependent of the strain, . In principle, all the relevant magnitudes can be modified by changing the strain field ͑͒ at a fixed weight fraction of conducting particles, X, or vice versa by changing X at fixed
The more current manner to change p − p c is by intersample experiments where X is modified between samples and =0 ͑or constant͒, thus, ͑‫͑ץ‬p − p c ͒ / ‫ץ‬X͒ is the magnitude actually obtained in those experiments ͓usually a linear dependence between p and X is obtained at the vicinity of the critical point when keeping = 0, that is ͑‫͑ץ‬p − p c ͒ / ‫ץ‬X͒ = constant near p c ͔. However, in the present work, ͑p − p c ͒ changes in a given sample because of the external stress, which modifies the strain field while keeping constant the amount of conducting particles representing intrasample changes. Thus, ͑‫͑ץ‬p − p c ͒ / ‫͒ץ‬ X is the magnitude to be modeled in the present work, representing the dependence of dependence of ͑p − p c ͒ as function of the applied stress. It must be noted that changes of ͑p − p c ͒ with the applied stress must be taken into account because of the relatively large strains considered here, which represents a central difference with respect to Ref. 17 where very small strains were used and therefore the dependence of p − p c with was reasonably neglected. Hence, in terms of differential equations, the differential strain, d is the origin of the differential changes d and d͑p − p c ͒.
In practice, not the absolute changes but the relative changes of p − p c are usually considered, that is 1
This arises in the fact that in critical phenomena the relative changes between the different magnitudes are compared, see Eq. ͑8͒ as an example, and where scale-invariant relationships are currently established at the vicinity of the critical point. For instance, if x and y are the variables, they are connected by a scaleinvariance relationship if the relative changes of y are proportional to the relative changes of x : ⌬y / y ϰ⌬x / x, which in differential terms are expressed by: dy / y = k dx / x, ͓or: d͑ln y͒ = k d͑ln x͔͒ where k is a proportionality constant. As a consequence, y follows a power law dependence with x : y Ϸ x k , usually described as a fractal behavior, where k is referred as the critical or fractal exponent. This kind of behavior is predicted to be followed, for instance, by and ͑p − p c ͒ in systems with universal behavior and also between the density and temperature difference, ͑T−T c ͒, in gas-phase transitions close to the critical temperature T c .
Therefore, the first model to be considered is an scaleinvariant model ͑referred as SIM͒ between p − p c and the variable dimension of the system, L, which in turn is inverse proportional to the volume fraction of the conducting particles. This model is presented Sec. III A.
A. SIM
We first discuss the so-called scale-invariant behavior, referred here as SIM, which is actually the current model used for describing a great variety of critical process. It should be clear that SIM does not account at all for the experimental observations, because cannot predict saturation of the film response with . Then, after its critical analysis and comparison of predictions with experimental results, we present a model in Sec. III B, referred as PSM, which converge to SIM at low strains but renders predictions that accounts for the experimentally observed saturation. Nevertheless, the description of SIM is necessary for understanding its limitations and the need for developing a more extensive model ͑PSM͒.
Considering that in a pressure sensor, the compression of the film ͑decrease in L͒ modifies the percolation probability ͑increase in p − p c ͒, then it seems reasonable, in principle, to propose a scale-invariant relationship between ͑p − p c ͒ and
Provided that ␤ is independent of , integration of Eq. ͑15͒ gives
͑SIM͒. ͑16͒
In this expression, ␤ is a critical exponent that must be positive in order for p to increase when compressing the film. Considering Eqs. ͑15͒ and ͑3͒, an exponential dependence between p − p c and is obtained with SIM
The above expression predicts a continuous growth of G͑͒ with ͉͉ when introduced into Eq. ͑12͒. For example, the term G 2 ͑͒ is predicted by SIM to be equal to
provided that Յ0, ␤ Ͼ 0, and t͑͒ Ͼ 0. We show in Sec. IV that t͑͒ has a small variation with and in many cases can be approximated by a constant equal to t i , its value at = 0. Thus, Eq. ͑18͒ can be well approximated by exp͑−␤t i ͒. Therefore, the main characteristic of SIM is the prediction of a continuous and approximately exponential rise of the sensor's response with the strain, G͑͒ϷG 1 ͑͒G 2 ͑͒Ϸexp͑−͒exp͑−␤t i ͒, having a characteristic stress-strain constant equal to 1 / ͑1+␤t i ͒. Beyond the numerical details, it is clear that SIM can be applied to fit experimental data at very low strains only where G͑͒ suddenly increase with , but cannot account for the experimental observations in the whole range of strains because does not predict saturation of the sensor's response with . Therefore, a more advanced model, which should reduce to SIM at the limit of low strains, is presented in Sec. III B.
B. PSM
Following the above discussion, it is necessary to present a model which accounts for saturation effects at moderated strains and which must converge to SIM at very low strains. The model developed in the present section assumes that saturation of the sensor's response is reached because the percolation probability reaches saturation in the range of applied pressures. In other words, it is assumed that the system cannot continuously increase p; the possibilities for contact-bonds between neighbor particles cannot indefinitely increase with the strain thus the percolation paths cannot be continuously increased even at high strain.
The first aspect to remark is that this kind of behavior implicates that scale-invariance relationship between ͑p − p c ͒ and L or cannot hold because p − p c cannot indefinitely follow ͑scale͒ L when increases in the range of moderated-high values. The second aspect is to emphasize the statistical nature of the process of creating bonds between particles induced by the applied stress. In SIM, the change in the bond probability, dp, at any strain is always proportional to the existent bonds at that strain: d͑p − p c ͒ϳ͑p − p c ͒d; then the number of bonds continuously increase with ͉͉ in SIM. The easiest manner of modifying SIM in order to include saturation effects keeping the SIM dependence at low strains is assuming that the probability of contact-bond creation should be proportional to the product of both the number of existent contact-bonds ͑p͒ and the number of nonexisting ͑broken͒ contact-bonds between particles which is given by ͑1− p͒. The competition between the increasing of p and the simultaneous decreasing of ͑1− p͒ renders to saturation at moderated-high strains ͑p → 1 ⇒ dp → 0: saturation͒ and to SIM at low stresses ͑p → p c ⇒ dp ϳ −͑p − p c ͒d: exponential increase with ͉͉͒. Besides, an inflection in the behavior of p as function of is expected at intermediate strains indicating the change between both regimes. These three aspects: exponential rise at low strains, inflection, and finally saturation are coincident with the experimental features already observed. Interestingly, Johner et al. 13, 16 reported this kind of behavior for the spanning cluster probability ͑which must be proportional to the conductance͒ as function of the conducting particles density, for example when simulating a model of continuum segregated particles. 13 The exact mathematical development of the above concepts requires a differential expression for p͑͒ compatible with the boundary conditions Eqs. ͑9a͒-͑9e͒, achieved by
͑20͒
The PSM model is based on similar hypothesis to those currently postulated in statistical systems where the main relevant parameter is kept constant. In the present case when postulating that p͑͒ cannot indefinitely increase, it is implicitly assumed that the maximum number of contacts is a constant that cannot be changed by the strain field. Thus, the mathematics is analogous, for instance, to that used in grand canonical ensembles where the total number of particles is kept constant, adapted to the boundary conditions of the present problem. In fact, García Molina et al. 47 already assumed as an empirical hypothesis that the number of present bonds between neighborhoods in a triangular network is governed by a Fermi-Dirac function. In the present context, Eq. ͑19͒ is based on the arguments described in this and previous paragraphs, and also on the fact that bonds and sites are indistinguishable, one individual particle ͑or bond͒ has the two only possibilities of belonging or not to a fully connected percolation cluster, and that this possibility must vary with the strain under the condition that the number of bonds does not increase indefinitely, even at very large strains. Hence, the situation resembles that observed when using the Fermi-Dirac distribution in solid-state physics where the fermions cannot be continuously accumulated at low temperatures in the lowest energy levels because of the Pauli's Principle. Analogously, we assume here that percolation path cannot be "accumulated" even at high strains.
Integration of Eq. ͑20͒ with the boundary conditions gives a sigmoid function for ͑p − p c ͒ p͑͒
where ␤ and 0 are constants. The presence of the constant factor ͑1− p c ͒ in Eqs. ͑20͒ and ͑21͒ is compatible with one of the boundary conditions already mentioned: p → 1 when → −ϱ ͓Eq. ͑9a͔͒. The introduction of 0 is related to the boundary condition p͑ =0͒ = p i ͓Eq. ͑9b͔͒
relates the model parameters ␤ and 0 to p c and to p i , thus to the concentration X and also to factors related to the microstructure of the particles such size and shape, which are discussed in Sec. VI. The parameter ␤ is analogous to that introduced in SIM and must be positive ͓see discussion below Eq. ͑16͒ in Sec. III A͔, then 0 must be negative. Actually, 0 provides the strain value at whose vicinity a change in regime ͑inflection͒ is observed, defining the useful dynamic range when using the composite as a sensor of pressure. For instance, according to Eq. ͑21͒, ͑p͑͒ − p c ͒ must increase with ͉͉ from ͑p i − p c ͒ up to a plateau equal to ͑1− p c ͒ which is actually reached when ͉͉ ӷ ͉ 0 ͉. On the other hand, at low strains when ͉͉ Ӷ ͉ 0 ͉, a scale-invariant expression is obtained by taking the limits to low strains of the sigmoid distribution in Eq. ͑21͒, which leads to an exponential dependence at that limit
which is coincident with the SIM result Eq. ͑17͒. Thus, ␤ provides the rise of p͑͒ at low stresses. The above expressions for the dependence of p with can be used to obtain ⌫ ʈ ͑͒ and then / i and G / G i . For instance:
͑25͒
These expressions constitute the predictions of PSM for the experimentally accessible properties, G and ⌫ ʈ . They include t͑͒ which is discussed in the next section.
IV. MODELING THE CRITICAL EXPONENT FUNCTION, t"ε…
As mentioned in the previous sections, nonuniversal behavior for t has been experimentally reported. Moreover, in the limit of low particle concentration ͑the weight fraction X close to a critical value X c ͒ and low strains, where tunneling can be the predominant process for conduction, the TPM predicts nonuniversal behavior for t. Actually, the TPM predicts that in systems where a mean-distance between neighbor particles ͗r͘ can be defined ͑which is not an obvious topics in concentrated systems or when large agglomerates of particles are present͒ then t must be a linear function of ͗r͘ in those cases where departure from the SPT ͑t=2͒ are proposed or expected. This linear dependence is obtained by using the Kogut-Straley relationship 17, 48 in combination with the tunneling probability for the passage of an electron from a particle to another, which is an essential constituent of the TPM. In addition, Johner et al. 17 reasonably proposed a direct proportionality between ͗r͘ and in the range of very low strains considered by those authors, to finally obtain: t͑͒ = +K͗r͘ = +KЈ, where is the correlation length exponent ͑ Ϸ 0.88 for 3D materials͒ and K, KЈ are constant for the cases where t Ͼ 2. The application of this model to a range of concentrated particles and moderated strains is not straightforward, because the concept of average distance between particles becomes vague and because physic contact between particles instead of tunneling is the main criterion for conduction. Nevertheless, it seems reasonable that one possible extension of the model can be made by exchanging the average distance between particles by the inverse of the particle volume fraction, −1 , which is proportional to the length L͑͒ in the systems considered here where the area A is kept constant. Then, as L͑͒ follows and exponential dependence with ͓Eq. ͑3͔͒, an exponential dependence between t and is deduced, although the boundary condition Eq. ͑9e͒ must be also considered. In conclusion, one reasonable extension of the model presented by Johner et al. in Ref.
17 is given by Eq. ͑26͒ which reduces to the expression developed in Ref. 17 in the limit of low strains and simultaneously satisfy the boundary condition ͓Eq. ͑9e͔͒ is
where is the correlation length exponent, Ϸ 0.88 for 3D materials ͓if the area A is not kept constant, then must be replaced by ͑1−2 P ͒, P is the Poisson's modulus͔. This formalism naturally leads to the still open debate about when nonuniversal effects can be experimentally detected, that is when t i Ͼ t 0 = 2 under the condition that the concentration of conducting particles is large enough in order to obtain measurable values of conductance ͑p i Ͼ p c ͒. In the case of the pure tunneling mechanism, the condition for observing nonuniversal effects is that the average distance is not shorter than the characteristic tunneling distance otherwise pure contact applies, thus concentration must be kept below a given value or range. Therefore, at least when pure tunneling is the mechanism of conduction, the concentration of conducting particles used to load the elastomer must be restricted to a defined window in order to observe nonuniversal effects. If that condition is satisfied, then t i Ͼ t 0 is expected and further variations of t with the strain rendering departures from t i are expected. According to our hypothesis ͓Eq. ͑26͔͒, an exponential variation in t͑͒ with is predicted up to reaching the value t = t 0 = 2, and then a further compression does not modify the value of t. On the other hand, if the initial concentration does not range into the concentration window, then no dependence of t with is expected at all and the universal behavior t = t 0 = 2 is predicted in the whole range of strains.
In addition, there is a numerical aspect to consider when inspecting nonuniversal behavior, given by the fact that even when regarding a very broad range of strains the largest variations in real experiments are usually about 30% ͉͉͑ Յ 0.3͒ and therefore the deviation of t͑͒ from t i predicted ͓for example by Eq. ͑26͔͒ should be in a limited range between 10 and 20% almost, depending on the specific value of t i .
Summarizing, in practical terms there are only two possibilities for fitting experimental data: ͑i͒ universality: t͑͒ = t i = t 0 = 2 for all Յ0, or ͑ii͒ nonuniversality, where the exponential dependence is proposed: t͑͒ = + ͑t i − ͒exp͑͒ with = 0.88, Յ0 being t i a fitting parameter. However, the restrictive conditions discussed above represent a strong constraint for the experimental observation of the eventual dependence of t with .
Finally, it is worth to note that PSM provides a simple expression for the case of universal behavior ͓t͑͒ = t i = t 0 =2͔
͑28͒
with only two fitting parameters, ␤ and 0 .
V. SIMULATIONS USING PSM
Expression ͑25͒ is used altogether with those obtained for the dependence of t with ͓Eq. ͑26͔͒ for obtaining the dependence of G͑͒. Simulated dependences calculated for t͑͒, p͑͒ − p c , and ⌫ ʈ ͑͒ are presented in Fig. 1 . The different values of t i , ␤, and o used in these simulations were estimated from the experimental fits of G͑͒ ͑see Sec. VI͒.
The stress range for variation in p͑͒ − p c is determined by ␤ and 0 as illustrated in Figs. 1͑a͒ and 1͑b͒ , showing the sigmoid behavior, Eq. ͑21͒. Figure 1͑c͒ shows the predicted dependence of t͑͒ according to Eq. ͑26͒. The departure of t͑͒ from t i is no larger than 13%, even for largest values of t i in the range of stresses considered. The main consequence is that G 2 ͑͒ in Eq. ͑12͒ is numerically similar to ͑p͑͒
, which is independent of p c in PSM. In fact, we have observed none or very poor influence of the p c value in simulations of G 2 and G / G i ͑Fig. 2͒ for p c between 0.1 and 0.3.
The predicted dependence of ⌫ ʈ with according to Eq. ͑24͒ is shown in Fig. 1͑d͒ for different values of t i . The sigmoid term controls the behavior ͑in agreement with the comment of the previous paragraph͒, with inflection determined by 0 . ⌫ ʈ reaches a plateau at the limit → 0 and the limit value is proportional to t i .
The plots of ⌫ ʈ versus G / G i shown in Fig. 2 have similar shape than those reported by Johner et al. 17 using effectivemedium approximation ͑EMA͒ simulations for a square lattice network of channels with resistive links between particles. That is, PSM provides results in qualitative agreement with EMA. Simulations of G 2 , G 3 , G / G i , and R / R i as functions of are shown in Fig. 3 .
All the experimental characteristics associated to the dependence of G with are found in the simulations. The main contribution to G / G i is provided by G 2 , which displays the largest variations with . The contribution of G 3 is not numerically relevant in the considered stress range. The dependence with t i is very strong; particularly, very large changes of G 2 and G / G i are found when going from t i =3 to t i =4. Figure 3͑d͒ shows the variation in R / R i ͑R =1/ G͒ with P / E͑=−͒, resembling one of the more frequent manners of reporting the response of pressure sensors ͑R versus P plots͒ and in qualitative agreement with previous works. 1, 35 The expressions obtained for G / G i are used in the next section to fit experimental data obtained in our laboratory.
VI. EXPERIMENTS
A. Films and sensors preparation
The composite is an elastic matrix of polydimethylsiloxane ͑PDMS͒ containing a macroscopically homogeneous dispersion of conducting graphite particles. Carbon graphite ͑SAO-Argentina͒ was used with 95% w/w graphite purity provided by the manufacturer and no impurities were detected by x-ray dispersive analysis.
PDMS was from Dow-Corning ͑Sylgard 184͒. The curing agent and base were mixed in proportions of 1:10 or 2:10 at room temperature. These samples were loaded with carbon particles ͑the amounts of carbon and PDMS were weighted during mixing on an analytical balance͒, homogenized, and placed at room temperature in a vacuum stove for about two hours assuring the complete absence of any air bubble. This mixture, still fluid, was placed on the bottom metallic surface of the prepared sensor which was in turn placed inside of a delrin cylinder to avoid leakage of the fluid composite and then cured at 50°C during 24 h. After curing, films of about 1 mm thickness were obtained, whose top surfaces were then polished. The resulting films were observed by scanning electron microscopy ͑SEM, Fig. 4͒ , where the high density of carbon particles ͑with average particle size about 1 m͒ is observed together with a porous structure.
Samples with different amount of graphite particles were prepared in the range 10%-70% weight percentage ͑w/w %͒. Appreciable conduction was only obtained for samples with weight percentage higher than 30%. The ratio of densities between the prepared samples and the graphite ͑2 g/ cm 3 ͒ was estimated about 0.5-0.75, thus a draft estimation of the critical volume fraction of the conducting particles gives values between 0.15 and 0.22.
B. Elastic response
Composites films for texture analysis were prepared by the procedure described in Sec. VI A. The dimensions of the films were between 1.5 and 2.0 cm diameter and between 0.8 and 1.5 mm thickness. The texture profile analysis was performed at 25°C by means of a Stable Microsystems TAXT2i Texture Analyzer using a cylindrical probe with plane contact surface ͑P/36R 36 mm diameter͒. The films were compressed using that probe in the range between 8% to 30% of the initial thickness ͉͉͑ between 0.08-0.30͒ at a constant compression speed of 0.1 mm/s. Hence, the texture analyzer was used in this work to measure the force required to keep a constant compression speed when the probe uniaxially compresses the material. The force is recorded at real time and observed on the screen of a dedicated computer and the primary information is obtained as force versus elapsed time plots ͓Fig. 5͑a͔͒. The relevant elastic properties of the samples are recovered from those plots, particularly the value of E which is necessary for applying the models of electrical transport. The initial thickness of the sample, L i , is calculated by the software after the calibration procedure of the equipment. The experiments were performed in duplicate or triplicate. The texture analyzer was previously used for food textural studies and characterization by some of the co-authors. [49] [50] [51] [52] Figure 5͑a͒ shows the increase in pressure, P, on the film as response to the external compression at constant speed. The compression is continuously exerted up to a given maximum strain ͑a fixed percentage of L i ͒. The compression is released when reaching that maximum strain and then the force drops. The rise of the curves in Fig. 5͑a͒ are determined by the particular value of E of the sample. The varia- tion in L with P during the compression is calculated from the information recorded in those experiments. Curves of L versus P are shown in Fig. 5͑b͒ , which are fitted with excellent agreement by Eqs. ͑3͒ and ͑4͒, that is, the films follows the Young's law in the range of applied pressures. The values of E were recovered from those fits. No statistical representative trend in the valued of E was observed when changing the carbon concentration in the range 30%-60% w/w, which seems to be more influenced by differences of sample's preparation conditions, such as curing time and temperature. This issue is out of the slope of the present work. Thus, the value of E was measured for each prepared films and the specific value was used when adjusting experimental curves of G versus . The recovered values of E were in the range of reported value for PDMS films, between 2.8 and 10 kgf/ cm 2 .
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Other important aspect observed in Fig. 5͑a͒ is the abrupt drop of the responses after eliminating the compression and also the absence of relaxation patterns ͑e.g., no oscillations͒, a clear indication that the response time of the sample to the presence/absence of applied pressure is in the order of 10 −1 s or faster. This is also supported by the results of Fig. 5͑d͒ , which shows the responses for a sample that was compressed up to different maximum stress. The penetration distance was kept fixed during a given period of time ͑about 7 min͒ after reaching the fixed compression. Figure  5͑d͒ shows that the pressure remains almost fixed at the initial value without observing relaxation effects in that time scale.
In the experiments associated to Fig. 5͑c͒ , the force on the sample is not suppressed after reaching the maximum stress, but is gradually reduced ͑decompression͒ at the same rate that holds for compression. It is observed an apparent hysteresis for all samples, although the slope of P versus elapsed time in Fig. 5͑c͒ is the same for compressing and decompressing, indicating that the differences of the absolute values of P between the curves is probably due to instrumental factors and not to the elastic behavior of the material. This is confirmed by the excellent reproducibility and coincidence of the P versus time curves for all samples through several cycles of repetitions ͑at least after ten cycles͒. Moreover, the values of E calculated in different cycles remain the same. All the prepared films behave as elastic materials with good partial recovery and each determination of E was calculated with errors in the order of 0.05%.
The observed variations in E between 2.8 and 10 kgf/ cm 2 for the different samples are due to changes in polymer mixing ͑curing agent, initiator and carbon in the respective proportions͒, curing time and or curing temperature ͑typically 50°C during 24 h͒. It is not simple to control all these variables to obtain material of the exactly equal hardness. For this reason, the value of E must be determined for each sample, as done in the present work.
C. Electrical resistance measurements as function of the applied pressure
For the balances experiments the films were placed between two metallic surfaces with full contact with the film. A fixed dc voltage, V ͑9 V͒, was applied between the surfaces and the film uniaxially compressed keeping V = constant. Therefore, the trivial contribution, G 1 ͑͒, is always present although is numerically very close to 1 as discussed in Sec. II C. The samples were placed on a laboratory balance which allowed registering in real time the increase in force when applying a pressure on the top of the sample. A special setup was made which allows keeping area constant with good approximation. In fact, the device allows the possibility of exerting force by descending a metallic probe of fixed flat area A on the sample from its top. The sample is confined in a cylindrical sample holder, with the same area A, coincident with the sample. The changes of electrical resistance, R, during compression were recorded with a data logger, simultaneously to the measurements of force ͑the values of R can be dependent on the chosen value of V͒ and the electrical conductance, G = R −1 , calculated. The I-V curves were measured for some samples at zero stress in the range 2-10 V, observing a linear response in this range for the different samples tested ͑data not shown͒, which correspond to currents about 10-50 nA and resistances of about 0.5 to 1 M⍀, depending on the sample and the applied stress. No electrical hysteresis with the applied voltage was observed in the I-V curves in the range 1-10 V.
Some measurements of the electrical conductance were performed with the texture analyzer, where the top metallic surface compress the films at fixed speed ͑0.1 mm/s͒ controlled by software. Electrical terminals were coupled to the probe in order to measure the electrical conductance simultaneously to the measurement of pressure during the compression. This methodology will be explored with more detail in future works. Figure 6 shows experimental results of G / G i versus for different samples with similar carbon concentration ͑about 55% w/w͒. Comparison of the absolute values of ε ε ε ε!! "
D. Comparison of PSM predictions with experimental results.
G / G i between different samples is not straightforward because are influenced by several experimental factors, like slight changes during preparation-curing, uncertainty in the determination of G i when currents are below 50 nA, and small variations in the percentage of present particles. However, all the samples have shown the behavior predicted by PSM. Figures 6͑a͒-6͑d͒ correspond to compression in a balance, while Fig. 6͑e͒ was obtained using the texture analyzer. PSM plots ͓obtained using Eqs. ͑12͒, ͑21͒, and ͑26͔͒ are superposed to the experimental points. These plots were calculated by arbitrary fixing the value of t i ͑t i =2, 3, 4, 5, and 6 although t i can take any real positive value͒ and then ␤ and 0 were adjusted in order to minimize the deviation of the calculated plots with respect to the experimental points. Only the curves obtained for t i = 2, 3 and 4 are shown for clearness. The best fits was obtained when using t i = 2 and 3. Fits with t i = 4 were acceptable in three samples, but not for samples ͑a͒ and ͑b͒. Fits with t i Ͼ 4 were unacceptable in all samples. The values of ␤ and 0 recovered for the case t i = 2 are shown in the insets for each sample. Values of ␤ between 55 and 300 and 0 between ͑−1 ϫ 10 −3 ͒ and ͑−12.5ϫ 10 −3 ͒ were obtained when considering all the samples and the acceptable fits.
When comparing the recovered values of ␤ and 0 for the cases t i = 2, 3, and 4, we observed a slight tendency for ␤ to decrease, which is reasonable as the predicted characteristic stress is proportional to 1 / ͑1+␤t i ͒ ͓see Eq. ͑26͔͒. The dependence of ␤ and 0 with the carbon percentage deserves a very detailed experimental protocol, out of the present scope. These parameters are expected to vary with the chemical nature of the conducting particles and probably with its morphological aspects 19 as discussed in Sec. VII. It is worth to remark that the discussion of the results obtained when using pressure sensors must be done in terms of the strain, , and not on the stress P, actually. If the strain were not directly measured, the elastic parameters of the considered films should be determined. In the case of a uniaxial pressure parallel to the electrical current and with constant perpendicular area as considered here, the only parameter to be determined is E. If the discussion were presented in terms ε ε ε ε
of P, then it must be taken into consideration that the PSM predicts a characteristic pressure in the variation in G with P of the order of E / ␤t i , which is much lower than E. That is, while the change in L with P has a characteristic pressure equal to the Young's modulus E ͓Eqs. ͑3͒ and ͑4͔͒, the rise of G͑P͒ with P at the initial pressures ͑P → 0, p Ͼ p c ͒ is predicted to be exponential with a much shorter characteristic pressure of the order of E / ␤t i , according to the model developed here, indicating high sensitivity of pressure sensors at the lowest pressures, but also a shorter dynamic range of the sensor's response as function of P.
We present also a first result obtained with the texture analyzer ͓Fig. 6͑e͔͒. In that experiment, the weight percentage of conducting particles was slightly lower than the critical value that we observed for conduction ͑30% w/w͒. Then, very low conduction was observed for that sample at =0 ͑resistance higher than 100 M⍀͒. However, conduction appears at some critical pressure ͓P c in Fig. 6͑e͔͒ , about 3 kgf/ cm 2 for the considered sample when the sample is compressed with the texture analyzer. Thus, it seems that the percolation threshold is observed, although this must be taken as a preliminary result to be confirmed by further experiments. In fact, data points above P c seem to follow PSM while bellows that pressure the current remains almost constant or indistinguishable from the trivial variation.
The relatively large recovered values of ␤, in the order of 50-300, indicate that the main contribution to G is provided by G 2 . The trivial term G 1 is also shown to illustrate its very low contribution and change.
Data for silicone-graphite composites taken from Del Prete et al. 35 and Carmona et al. 39 were also satisfactorily fitted by the PSM. The values of the Young's modulus E were not reported by the authors and conductance data were plotted as function of the applied pressure P, instead of the stress ͑thus we considered E as a fitting parameter͒. Besides, data from those articles were reported as resistances in Ref. 35 and relative resistance changes in Ref. 39 . Nevertheless, inflection points followed of a trend toward saturation can be observed when converting to conductance versus pressure plots, in agreement with the prediction of PSM. Indeed, we fitted the data reported by those authors by the PSM expressions presented here under universality conditions ͓fixing t͑͒ =2, dt / d =0͔ with excellent fits, recovering E Ϸ 10 kgf/ cm 2 for PDMS-carbon films in agreement with our own measurements of E for silicone film using the texture analyzer ͑E between 2.8 and 10 kgf/ cm 2 ͒. For the data from del Prete et al., we recovered ␤ ϳ 5 ϫ 10 2 and 0 ϳ −10 −3 , which are in agreement with the values recovered when fitting data of Fig. 6 . 
VII. DISCUSSION AND FINAL REMARKS
We present here an overview of the main results, possible criticism and discussion of some specific points. The main result is that the developed model, PSM, predicts correctly the experimental dependence of the electrical conductance G as function of the strain observed in experiments reported here and by other authors using graphite-elastomer composites. The main experimental features observed, a fast increase in G under compression at the lowest applied pressures, followed by inflection of the response and finally saturation at moderated strains, are predicted by the PSM. These features were experimentally observed for example by Carmona et al. 39 who presented good fits of their data using a sigmoid dependence for G as function of P, although deduced by assuming that the isothermal compressibility factor of the composite is proportional to the difference of isothermal compressibility factors of the polymer and the conducting particles and that this difference is a constant. In addition, no dependence of t with P was considered by those authors, but t was assumed as a constant parameter during compression allowed to take any numerical value ͑higher than 2͒, which can be a good numerical approximation but is actually contradictory in the frame of elaborated theories like the TPM. Thus, the PSM presented here is more general by not assuming any special condition on the elastic properties of the composite and can be easily coupled to other models by allowing the possibility of incorporating universal or nonuniversal behaviors. The associated simulations of the piezoresistivity coefficient, ⌫ ʈ , obtained with PSM are also in qualitative agreement with previous works using Monte Carlo simulations coupled to TPM.
PSM establishes that the critical behavior ͑scale invariance͒ still holds at low strains, but the percolation probability cannot increase indefinitely when strain increases, thus finally all the particles are connected to a percolation path. The mathematical expression for this physics is given in differential terms by d͑p − p c ͒ = ␤͑p − p c ͓͒1−͑p − p c ͒ / ͑1− p c ͔͒d ͑when keeping constant the w/w fraction X͒ where ␤ is independent of . The factor 1 / ͑1− p c ͒ is a consequence of the boundary conditions defined in Eqs. ͑9a͒ and ͑9e͒, where p c is the critical value of p for observing macroscopic conduction. The model converges at low strains to an scaleinvariant relationship between p − p c and the volume fraction occupied by the conducting particles.
The fitting parameters of the model are p c , ␤, and 0 , see Eq. ͑21͒. However, the sensitivity of G / G i and ⌫ ʈ to the specific value of p c is very low. Moreover, the expressions predicted by PSM are explicitly independent of p c in the case of universal behavior of t as shown in Eqs. ͑27͒ and ͑28͒. Thus, the main parameters in PSM are ␤ and 0 .
The thermodynamics analogies presented by PSM, can be possibly elaborated further. For example, considering that ␤ → −͕‫͓ץ‬ln͑p − p c ͔͒ / ‫͖ץ‬ X when → 0 and by noting that ln͑p − p c ͒ must be related to the order of the system ͑lost of entropy͒ while is associated to the elastic energy stored by compression in the composite, thus 1 / ␤ should represent an effective temperature connecting entropic and energetic factors in the model. Both ␤ and 0 are, in principle, dependent on the weight fraction X. The relationship with p i ͓=p͑ =0͔͒ is given by Eq. ͑22͒ which indicates that the product ␤͉ 0 ͉ must decrease with p i , thus with X. The above discussion concerning the entropic-energetic factors suggest that ␤ must be very dependent on X, although to determine the details of the dependence of ␤ ͑and 0 ͒ with X through experiments is not an easy task.
The other factors that are expected to have a strong influence on ␤ and surely on 0 are morphological factors related to the microstructure of the particles, like the size and aspect ratio. Although these concepts should be developed further, it seems that an increase in the aspect ratio of particles, from example when going from spheres to tubes, should lead to an increase in the contact-bonds between particles then to an increase in p͑͒ ͓associated to an increase in ␤, Fig. 1͑b͔͒ and, simultaneously, of the dynamic range of the composite ͓associated to 0 , Fig. 1͑a͔͒ . As mentioned in Sec. III B, 0 determines the useful dynamic range when using the composite as a sensor of pressure, thus a strong influence of the aspect ratio of the conducting particles on 0 is predicted, for example when using nanotubes as fillers.
A possible issue for further discussions arises in the fact that we did not assume tunneling or contact to be the main mechanism for conduction. The point of view assumed here is that in principle is difficult to determine which is the main mechanism, tunneling or physical contact, and that both should be present in a real sample. The variable p represents always the probability of nonzero conduction between two neighbor particles.
Other issue of possible criticism is the validity of the assumptions and boundary conditions. The only assumption made for developing PSM is that p can be created and destructed at moderated-high strains, a possibility already suggested previously in Ref. 21 , but never developed as far as we know. On the other hand, the boundary conditions can perhaps be modified for specific experimental situations. However, the main features of the model should not be substantially modified.
Two specific topics of discussion concern with the values of p c and t. It was assumed here that p c is an intrinsic property of the material, independent of the strain. For instance, when different samples having different percentages of particles are considered ͑varying the w/w %͒ without applying an external stress ͑ =0͒, then p varies from sample to sample while p c is a constant. In this case, significant conductivity appears only in samples with p Ͼ p c . Analogously, here we assumed that when a stress is applied on a fixed sample of a given amount of particles, p changes but not p c . Nevertheless, it is worth to remark that in the case of the universal model ͑t = t i = constant͒, the expressions obtained for G / G i in the PSM are independent of the value of p c .
Concerning the critical exponent function t, the SPT predicts that t is a universal constant t 0 , but in more elaborated models t can be not only different of t 0 but also a function of , t = t͑͒. Although this issue is not central to PSM, the possibility of nonuniversal behavior, including dependence of t with were incorporated through an exponential dependence, Eq. ͑16͒. This seems to be a reasonable extension to larger strains and concentrations of the concepts presented by Johner et al. 17 However, we did not obtain concluding evidence for nonuniversal effects. For instance, very good fits of G͑͒ / G i where obtained with t = t 0 =2 ͑universal behavior͒ as well as with t͑͒ = + ͑t i − ͒exp͑͒ with t i = 3. To decide between both possibilities requires not only more amount of experimental data but also under different conditions, such as precise determinations of the whole I-V curve as function of the applied stress.
The combination of conductivity and elasticity measurements clearly show that the pattern in the G versus plots cannot be assigned to saturation of the elastic response, for example if L͑͒ had reached a plateau during compression. In fact, the variation in L versus is exponential ͑without observation of a constant term͒ or it is even lineal ͓see Fig.  5͑b͔͒ . That is, the saturation of G with is seen in a series of values of where saturation is not observed in L.
In summary, the saturation cannot be assigned to saturation of the elastic response or to nonuniversality. The SIM model predicts no saturation, meaning that the scale invariance relations do not predict the observed behavior in the entire range of values of . In turn, the experimental results are explained by PSM. This model rationally predicts not only the plateau but also the initial exponential rise followed by inflexion, and converges to a SIM at low strains. PSM reproduces also previous simulations of ⌫ ʈ versus G. Therefore, PSM predicts all the experimentally observed features.
